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Unsteady Local Linearization Solution for Pitching
Bodies of Revolution at M = 1: Stability Derivative Analysis

Stephen S. Stahara*
Nielsen Engineering & Research, Inc., Mountain View, Calif.

and
John R. Spreitert

Stanford University, Stanford, Calif.

An account is prpvided of recent theoretical results for unsteady inviscid transonic flows about axisymmetric
bodies. The unsteady local linearization solution is developed to calculate the unsteady pressure distributions,
for sonic or near-sonic freestream flows, on the surface of several slender, pointed, axisymmetric bodies un-
dergoing low-frequency oscillatory pitching motion. Results determined for static and dynamic stability
derivatives exhibit good agreement with the limited experimental data available.

Introduction

THE purpose of this paper is to describe a theoretical
procedure for determining the unsteady flowfield at

freestream Mach numbers at or near one about slender
axisymmetric bodies undergoing oscillatory pitching motion.
The analysis is based on the small-disturbance theory of in-
viscid unsteady transonic flow and makes use of the concept
of splitting the flow into steady and unsteady components and
solving the resultant unsteady potential equation by the local
linearization technique. An expansion of the unsteady
solution is obtained for low reduced frequencies^ for which
the nonlinear thickness and Mach number effects of the
steady flow are significant, and the Adam-Sears iteration
procedure is used to determine the unsteady near-field poten-
tial, from which flow properties on the body surface are
calculated. The approach generalizes the results of Landahl,!

Liu,2 Liu et al.,3 and Ruo and Liu,4 both in the sense of en-
compassing the entire low-frequency range, including £ = 0,
and also in eliminating the "parabolic" assumption,3'4
thereby properly accounting for local regions of subsonic,
3onic, and supersonic flow. Applications are made to various
parabolic-arc half-bodies and cones at M^ = 1, and results are
presented for unsteady force and moment distributions and
static and dynamic stability derivatives. The examples were
selected, insofar as possible, to enable comparison with
existing data and other theories. We note that alternative ap-
proaches, employing the recently developed methods of
Isogai5 and Dowell,6 that are based on the same general
notions of the local linearization method are also possible and
would provide an interesting further comparison of these dif-
ferent procedures.

Analysis
Basic Equations

The analysis is developed in terms of a body-fixed cylin-
drical coordinate system centered at the nose with the x axis
directed rearward and aligned with the longitudinal axis of the
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body, and the 6 = 0 deg axis directed to the right, facing for-
ward. A slender, pointed body of revolution immersed in a
zero angle-of-attack steady flow is assumed to undergo small-
amplitude harmonic pitching oscillations about a point
located on the body axis at x=a. With the fundamental
assumption that the body is sufficiently smooth and slender so
that the inviscid small disturbance theory applies, a per-
turbation velocity potential 0 may be defined according to7

(f)(x,r,6,t) = U00[(x-a) cos<5 + r sin0 sin<5 + 0(*,r,0,0 ]
(1)

where U^ represents the freestream velocity. The angular
displacement d (t) is given by

d(t)=RP[50e ikt 1 (2)

where d0 is the maximum displacement, RP signifies the real
part of a complex quantity, k is the reduced frequency defined
by k - wf/ £/oo, and </> satisfies

(3)

In Eq. (3), M^ is the freestream Mach number; (x,r,6) are
nondimensional body-fixed cylindrical coordinates with(x,r)
normalized by body length f; t is nondimensional time normal-
ized by f/(Too; and y is the ratio of specific heats equal to 7/5
for air.

For the oscillatory flows considered here, it is convenient to
expand the solution into a steady and unsteady component.
Thus, we set

=(/>, (x,r} +RP[4>(x,r) sinOeikt] (4)

where </>/ is the axisymmetric steady perturbation potential,
which satisfies Eq. (3) with the (6,t) terms omitted, and </> is
the complex amplitude of the oscillatory perturbation velocity
potential. On the assumption of small amplitude oscillations
appropriate for flutter and stability analysis, the equation for
0 becomes

1 -

(5)
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which, although being linear, is formidable to solve because of the variable coefficients and mixed elliptic-hyperbolic type.
The boundary condition of flow tangency at the body surface can be decomposed analogously. In the body-fixed coordinate

system, these conditions are7

(t>^(x,R)=R' +0(e3 hie) . (6a)

4>r(x,R)=50[l+k(x-a)] + R'4>x(x,R)-ik50RR' +0(d0e4 \ne,d2
0) (6b)

where R = eR (x) describes the body ordinates. Here, e is the normalized maximum body thickness, and R is a function of order
one. At infinity, the perturbation potentials are required to vanish in an appropriate manner. Since attention will be confined to
flows with MOO ~ 1 having all shock waves downstream of the region for which results will be calculated, we will not require the
corresponding relation for conditions on the two sides of a shock wave. The preceding equations provide, therefore, the fun-
damental relations for the analysis to follow.

Local Linearization Solution
The differential equation (5) for the unsteady component can be expressed in the compact form

A / 0 X V +A 2 0 X +X 3 0 = 0/T + ——<£, -——j<£ (7)

where

X 7 = M i - / + M i ( 7 + /)</>^ \2 = Ml(y + l)<t>lxx+i2kM2
x, \3=-k2M2

x

Three fundamentally different differential equations and solutions occur for 4> depending upon whether the coefficient A 7 , which
corresponds in the small-disturbance approximation to Mfocal -1, is negative, near zero, or positive.8 The zone of influence of
each solution is different for each case, as is appropriate since they correspond to local regions of subsonic, sonic, or supersonic
flow. Each solution then forms the basis of the ensuing analysis in its appropriate region, with the requirement that each partial
solution is required to merge continuously with that for the adjacent region. The local linearization method proceeds by replacing
temporarily the variable coefficients (A7 ,A2 ) in Eq. (7) by constants and solving the simplified equations that result in each of the
three regions discussed above. Next, the quantities 4>x(x,R) and 0(*,/?), which are required for evaluating surface properties of
the flow, such as the unsteady pressure coefficient, are determined by first obtaining them from the simplified equations, then
replacing the constants ( A 7 , A 2 ) by the functions they originally represented, and finally evaluating the resulting expressions at
points along the body.

The three starting solutions for $ are given by

/ a r ,- — ————————————————————d$ (\i^0) (8)
sonic 2 dr Jo x — £

_u ^———^ ( A 7 < 0 ) (9)

$) -V 1 1^ (\I>0) (io)
supersonic r o [ (X - £ 2 - A, T2 ] /2

where g (x) is the doublet strength to be determined later from the boundary condition,

A0 = \3/\2, A1 = \2/2\I, and A2=^-~4\^\^ /2\t

In determining the local linearization solution, the forms of these solutions in the near field are required. These could be obtained
by expanding the above solutions directly for small r; however, a more convenient method is to Fourier transform the basic
equation (7) for'the three different regions with respect to x, solve the transformed equations, expand the Kernel functions in the
transformed solutions for small r, and then transform the simplified results back to the physical plane. Use of either technique
leads, after much manipulation, to the following forms:

(11)

subsonic
4>(x,r) = - \8—— + - J A ( x ) \Ein (A3x) +Ein [ -A4 (1-

L r 4 ^ ^ 4 x ( I — x )

(12)
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- T—— + -
L Jf ,4

(A3x) +Ein ( A 4 ) £)-;H
Inr) ( X y > 0 ) (13)

where

Ein (Z) is the complete exponential function of complex argument Z9, C = 0.577216 is Euler's constant,

and
= (X2 -4\I\3)/2\I

Low Frequency Solution
Of primary importance in this investigation are low frequency oscillations, that is, k = Q (e2lne) , where the nonlinear thickness

and Mach number effects of the steady flow strongly influence the unsteady flow. For this frequency regime, it is convenient to
decompose the unsteady component in the following manner

0 (x,r)eikt = 80'' (x,r) ° (x,r) (14)

where 5 = ikd and the superscripts (i,o) denote, respectively, the in-phase and out-of-phase unsteady components.
What remains now is to obtain to appropriate order the doublet distribution g ( x ) appearing in Eqs. (11-13). An effective means

employed in similar investigations1'4 is to make use of the Adam-Sears technique. If we represent the doublet distribution and
potential by

g(x)=g,(x)+g2(x) (15)

(x,r) = frj0 (x,r) (x,r) (16)

where gl (x) and <j>'j° (x,r) represent the first-order effects, whereas g2 (x) and <j)lj° (x,r) are of a higher unspecified order,ap-
plication of the surface boundary condition equation (6) serves to determine the distributions (g/,g2) explicitly, and, from these,
the solution for the near-field potential follows directly. The result of these operations-after taking into account that
A7 =0(e2lne),X2 =0(e2lne) + 0(/c),X3 =Q(k2),d = ikd, ignoring Q(k2) terms, and retaining terms in the near-field potentials to
0(e J ,e3lne) as is consistent with the boundary condition equation (6)-is that g7 =0(e2 ),<j>ii° =0(e2 /r) represent the slender-body
doublet, whereas g2 =Q(e4,e4 \ne),4>'f =Q(e4/r,e2r \nr,e2r) represent the second-order correction due to body thickness, reduced
frequency, and Mach number. Specifically, we find that

>+0(e4 fne) fo r r=0(e )

where

and

(17)

(18)

(19)

1 \Q(X) i
4*1 vr +rJ

(20)
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4lT L TIT
+ r / x , x

I \X y / /

+ A9 0Qfw] + -«]
where

(x-a)Q'2(x) MlQ'(x} \Q(x) , . 2,r) = -——————— +——-——— ———In——— +r \nr2

4ir2r 2ir L irr IT

(22)

(23)

InEqs. (20) to (22), the coefficients (Xy ,X2 ) are evaluated on the body surface r = /? and, consequently, are functions of x only,

U,/?) (24)

Q(x) represents the body area distribution, and is given by Q(x) =irR2 (x) and IP signifies the imaginary part of a complex quan-
tity. Also, implicit in those equations are the appropriate limiting forms as &— 0. For example,

lim
k-O

tan
2kMi

= l+0(k2) (25)

lim
k-O

(26)

We note that the present sonic region results are in agreement with the low-frequency parabolic-method results of Refs. 3 and 4
when several higher order terms (in e) inconsistently included in those results are omitted. With <j>(x,r) known, the surface
pressure coefficient can be determined for low-frequency, small-amplitude oscillations from the result7 that

where the steady pressure coefficient is given by

while the in-phase and out-of-phase unsteady pressures are

-M =Ci
Pl(x,R)+Ci

p2(x,R).

(27)

(28)

(29)

-M^^

-^x^ (30)

where (C/s° C1
P°2 represent, respectively, the first- and second- order unsteady pressure coefficients. From these, the flutter and

stability derivatives can be calculated directly using

+R(x)R'(x) dx

(3D

where again the subscripts (1,2) serve to identify the first-and second-order components of the various derivatives.
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Fig. 1 Distributions of first- and second-order flutter derivatives for
a cone and a parabolic half-body with e = 0.1 oscillating in pitch about

= 1.
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Fig. 2 Thickness ratio dependence of flutter derivatives for cones
and parabolic half-bodies oscillating in pitch about a = 0 at M^ = 1.

Results
In order to demonstrate the effects of thickness ratio,

reduced frequency, pitch axis location, and body geometry on
the unsteady motion, the results of the previous analysis were
applied to various finite-length circular cones and parabolic-
arc half-bodies described, respectively, by

R(x)=ex

R(x)=e(2x-x2)
0<x<l (32)

Static and dynamic flutter derivations, as well as their
variation along the body surface, were calculated for Mx = 1.
In the results presented, the steady-state solutions required as
input to the unsteady calculations were determined by the
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Fig. 3 Pitch moment flutter derivative for a 12.5 deg half-angle cone
atM =1.
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Fig. 4 Pitch axis and frequency dependence of damping-in-pitch
normal-force coefficient of a 10 deg half-angle cone at M^ = 1.

local linearization method,10 which is known to provide
results of good accuracy for the shapes considered here.

Figure 1 exhibits in the left-hand plots the distributions of
the first- and second-order static (dCNb/dx,dCMb/dx) t>2 and
dynamic (dCN^ /dx,dCM^ /dx) 7 2 flutter derivatives for a cone
having a maximum thickness e = 0.1 undergoing slow
oscillations in pitch about its nose at M^ = 1. We note in par-
ticular the rapid variation of the second-order dynamic
derivatives (dCN^/dx,dCM^/dx)2

 m the vicinity of the
shoulder, a result of the logarithmic behavior of the steady-
state solution10 in that region. Analogous results for a
parabolic-arc half-body are given in the right-hand plots. No
large gradients are present in those results, but, as expected, a
smooth variation is indicated of the various derivatives along
the entire length of the body. The parabolic-arc results for the
second-order distributions of normal force (dCNd/dx)2 and
damping-in-pitch normal force (dCN^/dx)2 presented here
agree in trend but differ somewhat in magnitude with those
determined by the "parabolic" method.3 Those results would
correspond to using the sonic results of the present method
over the entire body with the additional provision that the sur-
face acceleration [see Eq. (24)] is held constant at some
representative value.10

Figure 2 provides the thickness-ratio dependence of the
present theory for the static (CNd,CMd) and dynamic (CN^,
CMd) flutter derivatives for both cones and parabolic-arc half-
bodies oscillating in pitch about the nose at the reduced
frequency k — 0.03 and M^ — 1. Also shown for comparison
are various available theoretical and experimental results.
These include the results of Landahl,1 the linear transonic
method of Liu,2 the "parabolic" method of Ruo and Liu,4

and the results of slender body theory, together with ex-
perimental data of Wehrend11 for the normal-force coef-
ficient slope CNd of a 12.5 deg half-angle cone with a flat base.
Considering first the static derivative comparisons shown in
the two upper plots, we note that LandahPs results for
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(Cyv5,CMg) are only first order in thickness ratio and con-
sequently identical to slender-body theory. The linear tran-
sonic theory results of Liu2 for (CNd,CMd) are identical to the
present results for zero frequency; however, those results con-
tain in addition terms linear in k that, for the frequency
regime considered here, are of higher order and do not enter
into the present results. Comparison with results of the
"parabolic" method of Ruo and Liu4 for CNd indicate con-
siderable discrepancy from the present results as the thickness
ratio increases and presumably is due to the inconsistent in-
clusion of higher order terms 0(e6 \ne/r,re4 Ine) in that
calculation. For the dynamic derivative comparisons shown in
the two lower plots, large discrepancies and different trends
exist among the various theories. Because Landahl's results
are based upon a lower order surface boundary condition, as
well as a less accurate force and moment determination, those
results can be expected to deviate from the more exact treat-
ment used in the present analysis and those of Liu2 and Ruo
and Liu4 as the thickness ratio increases. With regard to the
comparisons of the linear transonic theory results of Liu,2 we
note that, for the parabolic-arc half-bodies, the failure of that
theory to include the effect of the nonlinear steady flow on the
unsteady problem is sufficient to change the entire trend of
the dependence of the dynamic stability derivatives on
thickness ratio. This provides yet another example of both the
sensitivity and dependence of the unsteady motion on the
nonlinear steady flow at transonic speeds and points out the
necessity of including this effect.

A final comparison of static derivative results of the present
method with experiment is provided in Fig. 3. Here, the data
obtained by Wehrend11 for the slope of the pitching moment
coefficient CM5 is shown for a 12.5 deg half-angle cone for
three different pitch axes locations at, respectively, 63 per-
cent, 70 percent, and 77 percent of the body length from the
nose and for freestream Mach numbers from 0.65 to 1.30.
Also provided are the theoretical results of the present method
for MOO = 1, as well as those of Landahl, l Ruo and Liu,4 and
slender-body theory. We note again that the linear transonic
theory results of Liu2 for the static derivatives are essentially
identical to the present theory and have been omitted for
clarity of presentation. Good agreement of the present results
is noted with both experiment and the "parabolic" results of
Ruo and Liu.4

Figure 4 displays the pitch axis and frequency dependence
predicted by the present method for the damping-in-pitch nor-
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= 0.05
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mal-force coefficient CN^ of a 10 deg half-angle cone
oscillating in pitch at M^ = 1. Shown for comparison are the
results of Landahl,1 the linear transonic method of Liu,2 the
"parabolic" method used by Ruo and Liu,4 and slender-body
theory. Significant differences among the various results are
observed. Moreover, the well-known logarithmic singularity
predicted both by Landahl's method1 and linear transonic
theory2 as the reduced frequency A:—•() is quite evident, and is
in distinct contrast to the smooth variation with k of the
present theory. Moreover, we note that the results of Ruo and
Liu,4 which are valid only for very low (quasisteady) frequen-
cies and which do not contain an explicit dependence on k,
compare favorably with the present theory near k = 0.

A further comparison of the results for the damping-in-
pitch normal-force coefficient is provided in Fig. 5, which
displays the influence of body shape on both the pitch axis
and frequency dependence of CN^. Here, various theoretical
results for a cone are shown in the two upper plots and are
contrasted in the lower plots with the results for a parabolic-
arc half-body having the same normalized maximum
thickness e = 0.10. Greater disagreement exists among the
results of the various theories for the conical rather than the
parabolic-arc shape, a fact already observed in the thickness-
ratio comparisons of (CN^CM^) shown in Fig. 2. This
is almost certainly a result of the particular behavior of the
flow in the vicinity of the shoulder of conical bodies, where
rapid variations in flow properties occur -an effect altogether
absent in the smoothly continuous flow about parabolic-arc
half-bodies.

Results analogous to those given in Fig. 4 and 5 are pre-
sented in Figs. 6 and 7 for the damping-in-pitch moment coef-
ficient CA/S. In Fig. 6, results for the damping-in-pitch
moment coefficient CM^ of a 12.5 deg half-angle cone at
M^ = 1 are exhibited. In addition to the theoretical results in-
dicated, experimental data of Wehrend11 for pitch axes
locations a = 0.63, 0.70, and 0.77 are also included in the plot
on the left. We note that although the present theory provides
results somewhat closer to the data than the other methods,
none of the theoretical results can be considered to be in ac-
ceptable agreement with the data. A feature that introduces
additional uncertainty into these comparisons is that the ac-
tual flow past a cone with flat base will contain a free
streamline emanating from the shoulder whose predicted
location is beyond the scope of an inviscid theory. Whereas
the direction of that streamline will undoubtedly be close to
freestream and its influence restricted essentially to the
vicinity of the cone shoulder, inviscid theory predicts that the
surface pressures will be unaffected by this feature of the
flow, as the influence of its effect is limited to regions of the
flow field downstream of the limiting characteristic
emanating from the cone shoulder. Discrepancies associated
with this effect, together with other uncertainties related to
the dynamic testing,1 1 are difficult to assess further without
additional experiment and analysis. With regard to Fig. 6, we
observe again the differences between the various methods,
particularly as shown in the plot on the right at low frequen-
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Fig. 5 Damping-in-pitch normal-force coefficient for a cone and
parabolic half-body with e = 0.1 at M^ = 1.
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Fig. 6 Pitch axis and frequency dependence of damping-in-pitch
moment coefficient of a 12.5 deg half-angle cone at M^ = 1.
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xFig. 7 Damping-in-pitch moment coefficient for a cone and
parabolic half-body with e = 0.1 at Mm = 1.

cies and note the smooth variation with frequency of the
present results.

Finally, an assessment of the effect of body shape on CM^ is
provided in Fig. 7, which compares the pitch axis and
frequency dependence for a cone and parabolic half-body
with e = 0.10 at MOO = 1. We note in these results the relative
closeness of the different methods for both the cone and
parabolic half-body.

Concluding Remarks
In this paper, we have given an account of a theoretical

study to calculate unsteady surface pressure distributions and
stability derivatives for slender, pointed, axisymmetric bodies
undergoing low-frequency pitching oscillations in a flow with
sonic or near-sonic freestream velocity. The results are shown
to be in good agreement with the limited experimental data

available for comparison. Additional testing is needed, par-
ticularly for the dynamic derivatives, to provide a definitive
evaluation of the theoretical predictions.

Finally, we note that the local linearization procedures by
which the solutions have been obtained are not restricted to
the particular examples displayed in this paper but possess
greater generality. The present results, in fact, provide yet
another application of the method demonstrating the
remarkable ability of the technique to obtain both an accurate
and economical approximation to a difficult nonlinear
problem.
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